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Abstract 

Tomographic probability representation is introduced for fermion fields. The 
states of the fermions are mapped onto probability distribution of discrete ran- 
dom variables (spin projections). The operators acting on the fermion states 
are described by fermionic tomographic symbols. The product of the opera- 
tors acting on the fermion states is mapped onto star-product of the fermionic 
symbols. The kernel of the star-product is obtained. The antisymmetry of the 
fermion states is formulated as the specific symmetry property of the tomo- 
graphic joint probability distribution associated with the states. 



1 Introduction 

In quantum mechanics the states are described (in standard formulation) by vectors 
in Hilbert space [Ij (wave function [2J) or density operators |3], [1]. In the quantum 
field theory one considers not only states of the fixed numbers of particles but also the 
process of creation and annihilation of the particles (see [5], [6]). The formulation of 
quantum field theory is based on the second quantization procedure (see, e.g [7]). The 
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fields are divided into two classes: boson fields and fermion fields. The states of the 
boson fields must be symmetric with respect to permutation of the particles (bosons). 
But the states of the fermion fields must be antisymmetric ones. Recently probability 
representation of quantum states (tomographic probability representation) in quan- 
tum mechanics was introduced [8], (see also recent review P). In quantum field 
theory the tomographic probability representation was studied for bosons still now 
in few works ^0\, [H], [12] ■ The more systematic tomographic approach to study 
quantum boson fields (scalar fields) was suggested in our previous work [T3]. In this 
work the star-product formalism for tomographic probabilities [H] describing the bo- 
son field states was presented. The aim of our work is to suggest the tomographic 
probability representation for fermion fields. We consider the identical spin-1/2 par- 
ticles and their states in framework of free fields. To do this we review and apply 
spin-tomographic description of fermion states in quantum mechanics |15j.|16j.|17j. 
Then we extend the spin-tomographic approach to the fermion fields and their states 
description. It is worthy to note that the explicit matrix representation of fermion an- 
ticommutation relation was discussed in [ISl . In our construction we use and develop 
the approach given in this book. 

The paper is organized as follows. In Sec. 2 we present the spin-tomographic 
scheme for one and two particles states. In Sec. 3 the star-product formalism is 
developed for the spin-tomographic symbols of the operators acting in the space of 
fermion states. In Sec. 4 matrix representation of fermionic operators is given. In 
Sec. 5 the important operators like creation and annihilation operators as well as 
vacuum state density matrix will be studied in the tomographic framework. The 
conclusion and perspective are given in Sec. 6 
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2 State of spin- 1/2 particle 



First we study the pure state of spin-1/2 particle in quantum mechanics. The state 
is described by a spinor 

I*) ^ (:) , (1) 

where a, b are complex numbers and normalization condition holds 

\a\^ + \b\^ = l. (2) 

The tomogram of the state ([T]) is determined by the probability vector uj with the 
two component a;(+|, m), |, m) where 

u{m,u) = I (m I M I \E') 1^, 

1 (3) 
m = ±-, 

and the unitary matrix u rotating the spinor ([T]) in terms of Euler angels f, 9 and -0 



IS 

cos 2 sin 2 



sm |e 

For mixed state with density matrix 



sm |e 2 cos 2 



p={ (5) 



P21 P22 

the tomogram is given by diagonal elements of rotated density matrix 

i0{m,u) = {upU^)mm- (6) 

As was sown in [I5],[T6] the tomogram determines the density matrix. Also the 
tomogram satisfies the normalization condition 

1/2 

uj{m,u) = l, (7) 

m=-l/2 
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for arbitrary values of Euler angles. For two particles with spin 1/2 the tomogram is 
introduced as joint probability distribution of two random spin projection mi, m2 

a;(mi, m2, u) = iup{l, 2)u'^)mim2,mim2 ■ (8) 

Here p(l,2) is density 4x4 matrix of the two particle spin state. The indices 
mi, 7712 = ±1 and correspond to pure spin state | 11111712) basis. Thus 

(mim2 I 2) I 77i772). (9) 

For pure state of two particles |\E') the tomogram according to formulaes ([8]), ([9]) 
reads 

u{mi,m2,u) = |(\& I 7i I mim2)|^. (10) 

The unitary 4x4- matrix u is tensor product of two 2x2-matrices (jl]) each depend- 
ing on their Euler angles 

U = Ui0U2. (11) 

It is clear that for multiparticle state construction of tomographic probability 
distribution (join probability distribution) is straightforward. The tomograms (JHl), 
( JTOj) are nonnegative and satisfiy the normalization condition 

1/2 1/2 

^ a;(mi,m2,M) = 1, (12) 

mi=-l/2 ni2=-l/2 

for arbitrary Euler angles determining matrices Ui and U2- 

3 Star-product for spin- 1/2 operators 

The quantum operators can be mapped onto the functions [7] , [I9] , [20] . The product 
of the functions called symbols of the operators is the star-product which is associative 
but not commutative one. The product is determined by a kernel. For standard 
pointwise product of functions the kernel is local one. In general case the product 
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kernel is non-local. The scheme of the star-product construction is the following ^14j . 
If one has an operator A and specific pair of operators U (x) called dequantizer and 
D{x) called quantizer satisfying relation 

TrD{x)U{x') = 5{x-x'), (13) 

the symbol of operator A is defined as 

fA{x)=TrAu{x). (14) 

The operator is reconstructed from its symbol by means of the quantizer 

A= fA{x)i){x)dx. (15) 



In (fT3|) - (fT5|) the coordinates x can be any set of continuous or discrete variables 
X = {xi,X2, , Xn) and integration in ( |T5|) is understood as integration over continuous 
variables and summation over the discrete variables. The symbols of the operators 
/^(x) and /b(x) provide the symbol of operator fc{x) if 

C = AB, (16) 

using the star-product definition 

fc{x) := fABix) = TrABU{x) . (17) 

The symbol fc{x) can be presented in the integral form 

fcix) = J fA{y)fB{z)K{y,z,x)dydz. (18) 

Here non-local kernel determining the star-product of symbols reads 

K{y, z,x) = Tr{D{y)b{z}U{x). (19) 

For spin-1/2 particle we present the tomographic star-product of the spin-tomograms 
of the operators. The coordinate x = (m, 9, ip) = (m, n) contains three variables. The 



discrete variable m = ±i is the spin projection on z-axis. The continuous variables 
d and are coordinates of a point on the sphere < -0 < 27r, < ^ < vr. These 
coordinates can be described by unit vector n = {sinOcosif^, sinOsim/j, cos6), = 1. 
The dequantizer U{x) = U{m,n) which is 2x2 matrix reads 

1 A 0\ / cos 6* -e^'^sin^ 



Uim,n) = -^^ lJ+"^^-e-^sine -cos^ J' ^^O) 

and the quantizer D[x) = D{m, n) is 

h( -\ 1/^1 ( cos^ -e'^^sin^X 

D[m,n) = -\ r, . ]+om\ . ^ ^ . (21) 

^ ' ^ 2 \ 1 y \^ — e ^sm^ —cos 6 J ^ ^ 

The symbol of arbitrary operator is defined by equality 

/^(m, n) = TrAU{m, n) , (22) 
where the matrix of the operator is 

i.e. the symbol reads 

fA{m,n) = ^ + m[Aiicos^-e-''^sinMi2 + A2i(-e'^sin^) - A22COS6']. (24) 

One can check that condition (fT3ll is given by symbolic formula 

6{x — x) = TrD(mi, ni)U{m2, 1^2) = - + 6mim2(nin2)- (25) 

The symbol with delta-function in Eq. (l25!) is not usual Dirac delta function (or 
Kronecker one). It only means that the right-hand side of this equation (125|) is 
equivalent to matrix element of identity operator acting in the set of tomograms. 

The tomogram ([3]) of pure quantum state |\E') is defined in framework of presented 
star-product scheme using the density operator p = |\E')(\E'| and corresponding density 
matrix in (El). 



The kernel of star-product reads \2T\ 

K{min[,m2n2,m3n3) = Tr{D{mi,ri\)b{m2,n2)U{m3,n3)) 

= i + 3mim2{nin2) + 9mim3(nlri^) + 'dm2m^{n2n^) (26) 
+ 18imim2m3(r2^?i2^)- 

4 Matrix representation of fermion operators. 

Let us construct matrix representation of the creation and annihilation fermion op- 
erators for N fermions. If = 1 one can consruct the 2x2 matrices 

which satisfy the relations 

aitti + aifli = 0, 
ai+ai+ + ai+ai+ = 0, (28) 
aitti^ + ai^ai = 1, 

which can be rewritten as 

aittj + ajtti = {oj, ttj} = 0, 
ai'^ttj'^ + ttj'^ai'^ = {ai~^ , aj^} = 0, (29) 

(X^ I j fl^ — { ^2 5 } — j 1 

where i,j = 1. If i,j = 1, 2 the relation (129!) can be satisfied by 4x4 matrices 

^^=(,0 ij®lo oj' ^1 =lo 0, 

n ^ /I \ 4_ /O 0\ „ /I ' 



If J = 1, 2, 3 the relations (!29l) are satisfied by the 8x8-matrices which we present 
in the form of tensor products 

ai = 1 (g) 1 ® (T+, 

a2 = 1 (g) a+ cr^, (31) 
as = a+ (g) ® cTz- 



and corresponding matrices aj^ associated with fermion creation operators. 

For = 4 i.e. i,j = 1,2,3,4 in (J29l) the construction of the matrices aj looks as 
follows 



ai = 1 ® 1 1 ® CT+, 

02 = 1 ® 1 ® 0-+ (g) cr^, 

03 = 1 ® (7+ ® C7^ ® 0-2, 

04 = cr+ (g) CT^ (g) (T^ eg) cr^ . 
We introduced standard notations for 2x2 matrices 



(32) 



1 
1 



0-4 



1 




1 
-1 





1 



(33) 



The generalization of the construction for arbitrary number is straightforward, 



I.e. 



a, = iW ^ . . . ® ^ ^^(^-+1) ® a,i^-'+'^ • ■ ■ ® (34) 

Corresponding matrices Oj"*" are obtained by changing in (132|) all cr+ by C7_ matri- 



(iV) 



ces. 

The vector | vac) which satisfies the condition 

ttj I vac) = 0, j = 1,2, . . . N, 
has the form of tensor product 

I vac) = 



(35) 



For = 2 



vac) 



(36) 



The density matrix of this state reads 





/1\ 
































\V 








/ 1 








o\ 






























V 











0/ 



(37) 



The states 

I . . A . . . i . . .) = tti^aj^ I vac), (38) 

are antisymmetric 

|---^---j---) = -|---j---z---), (39) 

by construction 

5 Tomographic representation of Fermi- operators. 

Let us express the creation and annihilation Fermi-operators in tomographic form. 
To do this we first express the separate factors ingredient in the tomographic form. 
There are three such factors, namely factors given by (1331) . 

According to general construction the spin-tomographic symbols of the matrix fac- 
tors are calculated using the diagonal matrix elements of the matrices ua+u~^, ua^u^ 
ulu^ as well as ua^u^. We denote three symbols f2_|_(m,n), f22(m,n), VLi{m,n) and 
f2_(m,n) respectively. By construction 

n+{m,n) = n^{m,n)* . (40) 

We remind that m takes two values m = ±i and the unit vector n = {sinOcosi/j , sinO sirnj) , cosO). 
The symbol of identity operator reads 

^]l(+^,n) = ^]l(-^,r^) = l. (41) 

One can check that the symbol of the operators cr^ has the following values 

^^(+^, n) = cos9, ^lz{-^, n) = -cos9. (42) 

The tomographic symbols of the operator cr^ is obtained from the product of three 
matrices 

fi+(+^,n) = l^+(-^,n) = [ua+u^]^^. (43) 
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Straightforward calculation yields 

n4+l,n) ^^sm0e'^,n+(~,n) = ~sm9e^^. (44) 

Using the obtained expression we can construct the tomographic symbols for all 
the cases of one, two, three, etc. fermions. For one fermion the tomographic symbols 
fla{m,n), fla+{m,n) and f2i(m, n) read 



sm ue''^, m = +^ 



!J.Kfi)=n,Kfi) = | (45) 
a,.(m,n) = (Q.)-(m,n) = { jf^^^j, (46) 

For two fermions we introduce the notations Uj = [sinOjCos'ipj, sinOjSinipj, cos6j), 
aj,aj~^; j = 1,2 as well as nij = ±i. 

Thus we get the tomographic symbols {j — I, 2) 

^Virn,, n,) = | Ji, J^.^.^. , ^ ^ Ji (48) 



n^'^ {rrij ,nj)^ n'f^* {rrij ,nj). (49) 



ni^\mj,nj)^l,mj^±^. (50) 

The tomographic symbols of creation and annihilation operators for two fermions 
read 

'2'- 



•|sm6'2e"^^, mi = — |,m2 
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^sin6ie'''^\mi = +|,m2 = +| 

VLa^{mi,ni,m2,n2) = fi+(l)(mi, ni)fii(2)(m2, na) = { lsinei&^\'mi = -\m2 = 

— |sm0ie''^i, mi = — |,m2 = — ; 

For creation operators one has 

J]aj+(mi,ni, 7722,^2) = fiai*(mi,ni,m2,n2), 

(54) 

n„2+(mi,ni, 7722,^2) = fia2*("il,^l,'^2,n2). 

The formulas for spin-tomographic symbols of creation and annihilation operators 
in case of fermions can be given in the following form 

Qaj{'mi,ni,m2,n2, - ■ ■'mN,nN) = 

k=N~j+2 

The formulas for factors fi^(ms, n^) where s = N — j + 1 and for /^(m^, n^) are 
given by (H7|) and flSOl) . The symbol of creation Fermi operator aj^ is given by fl55p 
with the replacement f]^^"'^"'^'* — > i7*L^ •'^"'^^ We give tomogram of | vac) for N = 2 

{cos^ ^ cos^ J, mi = +|, m2 = +1 
cos^ % sin^ ^,mi = +1, m2 = -| .^.^x 
• 2 ei 2 ei 1 ,1 (56) 

sm^ cos^ ^, mi = m2 = +1 
sin^ ^ sin^ Y, "^i = — ^, "^2 = — ^ 

The star-product kernel of the tomographic symbols for N fermions is the product 

of kernels for each of the fermions which is given by formula fl26|) . It follows from the 

fact that the dequantizers and quantizers for several fermions are given as the tensor 

product of quantizers and dequantizers for each of fermions. 

6 Conclusion 

To conclude we point out the main results of our work. The known anticommuta- 
tion relations for fermion field operators were presented in explicit matrix realization. 
Using the matrix realization we mapped the fermion field operators onto spin tomo- 
graphic symbols. The density matrix of fermion vacuum state of N fermions was 
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used to construct the tomographic probabiUty representation of this state and the 
tomogram of the fermion vacuum is calculated in explicit form. The creation and 
annihilation fermion operators and their multiplication are given in the tomographic 
framework by using explicit tomographic star-product kernel. 
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